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Motivation

Motivation

@ One of the main sources of gravitational waves is the inspiral of compact objects
into massive black holes in galactic nuclei.

@ We work in the extreme mass-ratio inspiral (EMRI) regime, where the separation
distance is small but the mass ratio of the bodies is large.

@ The EMRI problem is amenable to a perturbative treatment, where the
perturbation gives rise to the self-force (SF).

@ Obtain accurate theoretical templates of EMRI waveforms. This waveforms have
to include deviations from the geodesic motion due to the SF.

@ Current calculations of the SF rely on numerical solutions of the linearised
Einstein's equations in the Lorenz gauge. For Kerr the field equations in the
Lorenz gauge are not separable.
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@ The treatment of black-hole perturbations for Kerr is much simpler in the
radiation gauge, where it is possible to reconstruct the perturbations from the
Weyl scalars.

@ In the radiation gauge we don't have a SF formulation. The perturbation due to
a point particle is a string-like 1-D singularity.

@ We work in a gauge where it is “easy” to obtain the metric perturbations and
relates through a regular gauge transformation to the Lorenz gauge. We call it
modified radiation gauge (Mrad).

@ The implementation will give the gravitational SF starting from a “force” in the

outgoing radiation gauge. We use the mode-sum to obtain the SF.

Fe(x0) = (Fiiie(x0) F A*L— B* — C*/L) — D, (L= { +1/2).
£=0

Cesar Antonio Merlin Gonzalez Leor Barack Self-force in a modified r. gauge for circular and eccentric orbits



SF in a modified radiation gauge

SF in a modified radiation gauge

Consider a particle of mass m moving along I'. Let the particle be embedded in the
curvature of a massive Schwarzschild black hole of mass M.

In Mrad the perturbation near the particle
has the same leading-order singularity as the
Lorenz gauge,

hg’%ad = 2uegl(ga5 + 2uqug) + O(1).

We associate a given field point x* with a “nearby” point on the worldline (6x%). The
most convenient choice is to take x§*(x) to be the point on I with the same retarded
time as x% (du = 0).
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SF in a modified radiation gauge

The metric perturbation tensor transforms (from Rad—Mrad) according to

hg%ad = hggd +&a;ip T &Bia-

Which admits analytical solutions given by

)
£ = F2uq In(ep F uadx®) + A_j[’

v
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SF in a modified radiation gauge

Before calculating the contributions to the SF we decompose 555 in £-modes,
L2
éfﬁ = idé (07 _rg(fi—oi’)ﬂ’ C> (in EF coordinates).

We compare with the mode sum formula

oo
FMrad _ Z [Fgadé 4 oFRadoMradt _p g g a/L:| — Da,
=0

due to the behaviour of the regularization parameters, we see that

0Aa =06Ba =3Cq =0, 6D = § FradMradt=0,
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SF in a modified radiation gauge

Finally we calculate the change in the SF with

25)\

5F§a‘f, =-m |:(g°‘>‘ + uu? ) + R MA,,u“{(Mu”:| .

We obtain the explicit value of §Dg:

S — {im2£2Q(8,r, F) m2L2C.(E,r,F) 2m2LC,(E, r, i)}
« ME-3 T rTE—F3 T A& — )2 ’

For circular orbits they reduce to

3m2 M2
g _
sDE = {O’irw(r — 3,\,,)3/27070} .
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Numerical Implementation
°

Numerical Implementation

Weyl Scalar
Yo

Hertz potential

v @ Analytically solve for the m = 0 modes for ¢ > 2.

Metric @ We integrate numerically the homogeneous Teukolsky
Perturbations equation (with s = 2) with ingoing boundary
conditions for each £, m.

@ We obtain the corresponding Weyl curvature scalar g
Full force at x& by imposing junction conditions at x$ given b
& by imposing j & given by
Feu the source.

mode-sum

Self-force

«
Fself
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Numerical Implementation
L]

Weyl Scalar

Yo

Obtained from Teukolsky equation for s = 2

(2 — 2Mr)l + 6(r — M)yl — {7“’2’4
r2 —2Mr
4ir’w(r — 3M)

— 830 = —4nr’T,.
oMy 3 2} %o mreTo



Numerical Implementation
L]

Weyl Scalar
%o

Hertz potential
v

For circular orbits it can be obtained algebraically in terms of

o

(=)™ (€ + 2)(£ + 1)e(£ — 1)y, _m + 12imMQipyp,
[(£ 4 2)(£ + 1)e(¢ — 1)]? + 144m2 M2Q2 ‘

VYom=38



Numerical Implementation
L]

Weyl Scalar
o

Hertz potential

\J

In terms of the Hertz potential
Metric
Pertui;'bétions hap = — r* {nang(8 + 28)(8 + 4B) + Mamg(A + 5u — 27)
= (B8 + 4~ 47) = n(aimg) [(B+4B)(A + 4 — 4)
+(A +4p —4y) (8 +48)] } V + cc.




Numerical Implementation
L]

Weyl Scalar
%o

Hertz potential
v

Metric The full force is obtained with the equation of motion

Perturbations
haﬁ o aﬁ o 6 1 .
Fen = —m(g®” +u*u”) ( Vyuhyg — EVﬁhuy utu”.

Full force

«
Ffull




Numerical Implementation
L]

Weyl Scalar
%o

Hertz potential

v
We regularize each mode using the mode-sum formula:
Metric
Perturbations
hap Mrad _ N~ [ pRad ¢
Fatrad = ™ [FReAC — Aol — Ba] +6Da
£=0

Full force
«
full

Self-force

«
self
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Numerical Implementation
L]

Self-force in /-modes

Regularized self-force
.

M
m?

F/vl5 AL - B x

¢-modes in log-log scale of the SF after regularization. Taken from the
limit r — ry (red) and the limit r — ry” (blue). The small graph is in
linear scale.
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Numerical Implementation
o0

Gauge invariant red-shift

Detweiler showed that for circular orbits in Schwarszchild there are two gauge
invariant quantities that carry out non-trivial information about the conservative SF
dynamics: Q and ut = U. In practical calculations we compute:

lhRBuO‘uﬁ7 d—i
a7

HEza

—1+H,

where 7 is the proper time along the geodesic of the effective metric & = g + h® and
T along the projection on g.

HMrad _ Z [HRadZ _ (BH _ 5BH) _ (CH . 5CH)/L] _ (DH . 5DH)7
£=0

with 6B = §CH = 6DH = 0, for circular orbits.
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Numerical Implementation
oce

Regularized red shift invariant H

¢-modes of H after regularization.
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Summary and future work

Summary and future work

@ We have obtained the gauge transformation from the radiation gauge to the
modified radiation gauge. This transformation has a null-string singularity (at
each du = 0) but it is possible to construct a regular solution along half-ray.

@ The new mode-sum formula to obtain the GSF in a new modified radiation
gauge (Schwarzschild).

@ We have calculated numerically ¢-modes contributions to SF and showed that
the results from our implementation are consistent with all the regularization

parameters given by the mode-sum formula.

@ Include the low £ modes (¢ = 0,1) to compute numerically the SF and the gauge
invariant quantity H.

@ Extend the numerical implementation to obtain the SF for non-circular orbits.

@ Compute numerically the gravitational SF and the gauge invariant quantity H for
the Kerr case.
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